The capability of on-chip wavefront modulation has the potential to revolutionize many optical device technologies. However, the realization of power-efficient phasegradient metasurfaces that offer full-phase modulation (0 to 2p) and high operation speeds remains elusive. We present an approach to continuously steer light that is based on creating a virtual frequency-gradient metasurface by combining a passive metasurface with an advanced frequency-comb source. Spatiotemporal redirection of light naturally occurs as optical phase-fronts reorient at a speed controlled by the frequency gradient across the virtual metasurface. An experimental realization of laser beam steering with a continuously changing steering angle is demonstrated with a single metasurface over an angle of 25°in just 8 picoseconds. This work can support integrated-on-chip solutions for spatiotemporal optical control, directly affecting emerging applications such as solid-state light detection and ranging (LIDAR), threedimensional imaging, and augmented or virtual systems. P hase-gradient metasurfaces (1) have demonstrated the ability to shape optical wavefronts in light-bending devices (2), meta-lenses (3-5), meta-holograms (6), wave plates (7-9), as well as devices with chiral (10-12) responses. These functions are achieved by controlling the scattering of light waves from a dense array of nanoscale optical antennas that make up a metasurface. Most metasurfaces to date are passive, and their functions are fixed during their fabrication. Many optical applications require dynamic manipulation of light waves, and an expansion to spatiotemporally varying metasurfaces could open many new opportunities for the metamaterials field (13-21). However, the development of dynamic metasurfaces has been hampered substantially by the challenge of realizing antenna structures capable of providing large changes in the amplitude and phase (0 to 2p) of scattered light with an external stimulus. In addition, there is a major technological challenge in addressing individual nanoscale antennas within a large-area metasurface device in terms of the electrical wiring and power consumption. Our approach toward spatiotemporal optical control completely avoids the challenges of actively controlling a metasurface.
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The capability of on-chip wavefront modulation has the potential to revolutionize many optical device technologies. However, the realization of power-efficient phasegradient metasurfaces that offer full-phase modulation (0 to 2p) and high operation speeds remains elusive. We present an approach to continuously steer light that is based on creating a virtual frequency-gradient metasurface by combining a passive metasurface with an advanced frequency-comb source. Spatiotemporal redirection of light naturally occurs as optical phase-fronts reorient at a speed controlled by the frequency gradient across the virtual metasurface. An experimental realization of laser beam steering with a continuously changing steering angle is demonstrated with a single metasurface over an angle of 25°in just 8 picoseconds. This work can support integrated-on-chip solutions for spatiotemporal optical control, directly affecting emerging applications such as solid-state light detection and ranging (LIDAR), threedimensional imaging, and augmented or virtual systems. P hase-gradient metasurfaces (1) have demonstrated the ability to shape optical wavefronts in light-bending devices (2), meta-lenses (3) (4) (5) , meta-holograms (6) , wave plates (7) (8) (9) , as well as devices with chiral (10) (11) (12) responses. These functions are achieved by controlling the scattering of light waves from a dense array of nanoscale optical antennas that make up a metasurface. Most metasurfaces to date are passive, and their functions are fixed during their fabrication. Many optical applications require dynamic manipulation of light waves, and an expansion to spatiotemporally varying metasurfaces could open many new opportunities for the metamaterials field (13) (14) (15) (16) (17) (18) (19) (20) (21) . However, the development of dynamic metasurfaces has been hampered substantially by the challenge of realizing antenna structures capable of providing large changes in the amplitude and phase (0 to 2p) of scattered light with an external stimulus. In addition, there is a major technological challenge in addressing individual nanoscale antennas within a large-area metasurface device in terms of the electrical wiring and power consumption. Our approach toward spatiotemporal optical control completely avoids the challenges of actively controlling a metasurface.
We began by expanding on the basic concepts that underlie the operation of existing phase-gradient metasurfaces and illustrating how spatiotemporal optical patterns can be manipulated by controlling the interference of waves in four-dimensional (4D) space-time. We first replaced the typical continuous wave source used to illuminate a metasurface with a frequency-comb source. Such a source features a set of equally spaced and phase-locked frequency lines. We engineered a passive metasurface to interact with such a frequency-comb source to fashion distinct spatial field profiles for each of the spectral lines in the comb. Because the spectral lines are phase-locked, their individual spatial patterns constructively interfere to generate a 4D optical pattern in which the spatial light intensity distribution naturally evolves in time.
Such spatiotemporal metasurfaces add a valuable new dimension to phase-gradient metasurfaces (22, 23) , illustrated through comparison of the simplest implementations of these two optical elements. Shown in Fig. 1A is a basic phasegradient metasurface that imparts a linearly varying phase shift on an incident plane wave to redirect it into a desired angle (2, 24) . The corresponding case of a frequency-gradient metasurface constructed from phase-locked optical sources whose frequency is linearly graded across the metasurface is shown in Fig. 1B . Their radiation constructively interferes to naturally direct light toward different angles as time progresses.
The mathematical formulation for the operation of spatiotemporal metasurfaces combines the descriptions for spatial mode transformation by a passive metasurface and temporal pulse shaping known from ultrafast laser physics (25) (26) (27) . This behavior is conveniently handled in a Fourier synthesis description. Demonstrated in Fig. 1C is how a pulse composed of a set of 2N + 1 frequency lines ½aðtÞ ¼ X n¼N n¼ÀN a n e Àiwnt ; w n ¼ w o þ nDw interacts with a passive, nanostructured metasurface. The frequencies are centered around an operation frequency w o , and together, they form a pulse aðtÞ ¼ AðtÞe Àiwot , for which AðtÞ ¼ X n¼N n¼ÀN a n e ÀinDwt is the envelope.
In our analysis, a uniform spatial dependence for the pulse amplitude was assumed. Upon illumination, the passive metasurface maps each spectral component into a set of distinct spatial modes [a n → b n (r)], generating a spatiotemporal optical pattern ½bðr; tÞ ¼ X n¼N n¼ÀN b n ðrÞe Àiwnt . To achieve continous steering of light, we aimed to synthesize a new, virtual frequencygradient metasurface with a spatial profile b n (r) that mimics an array of optical sources whose frequencies are linearly graded across the surface. The spatiotemporal interference of these sources will naturally produce a scanning beam. This can be seen by analyzing the radiation from an array of line sources that are equally spaced at a distance d along the y axis. The optical source located at the position r n = (0, nd) in the array radiates at an angular frequency w n and a wave number k n = w n /c = k o + nDk, and its optical field distribution is described by b n ðrÞ ¼ a n Gðr À r n Þe iknðjrÀrnjÞ The quantity a n describes the strength of the source, which is proportional to the amplitude of the corresponding frequency line in the incident pulse. The term G(r -r n ) is a slowly varying envelope that governs the angular divergence of the radiation pattern, and e iknðjrÀrnjÞ is a fast varying phase term. With 2N + 1 sources distributed from y = -Nd to y = Nd, the resulting spatiotemporal pattern in the far field takes the following form where the spatial coordinate r = (x, y) = (r cosq, -r sinq) is represented in terms of the distance r from the center of the array (0, 0) and the clockwise angle q (Fig. 1C) . As the fields produced by each source evolve in time at different frequencies, the resulting interference pattern will also evolve in time. In the far-field (r ≫ Nd), the interference pattern can be approximated as
(supplementary text S1). The term A t À kod Dw sinq À À r c Þ captures the dynamic beam steering action and shows how the light is directed toward different angles q at different times t. The term r/c accounts for the propagation delay between the frequency-gradient metasurface and the point of detection at a distance r. For a cylindrical surface at a fixed distance r, the time-dependent steering angle can be written in the form
after translating the time reference through replacing t À 
The calculated intensity Iðr; tÞ ¼ jbðr; tÞj 2 is demonstrated in Fig. 1D at different times for an array of 41 cylindrical sources (2N + 1 = 41; N = 20), a separation between sources d = 360 nm, a center wavelength of l o = 720 nm (w o = 2p × 416.66 THz), and Dw = 2p × 100 GHz. When the scanning time is fast enough compared with propagation time of light across the observation areas, the light beam appears to be curved. This is analogous to the apparent bending of a water stream emerging from a rapidly rotating water hose. The simulations are discussed in more detail in supplementary text S2, where we also highlight that the scanning rate is proportional to the frequency gradient (Dw/d).
The setup that is used to experimentally demonstrate beam steering is shown schematically in Fig. 2A . A frequency-gradient virtual metasurface was implemented by using a mode-locked laser with a frequency-comb spectrum and a dielectric, phase-gradient metasurface that focuses different spectral components to produce a series of line sources in a designed focal plane. The mode-locked pulsed laser source generates a train of pulses that is centered at wavelength l o = 720 nm and features a temporal width of~2.5 ps. The required spectral separation of the lines in the comb can be accomplished by directing the laser beam onto the metasurface at an offnormal angle of incidence q i . In our case, this angle was chosen as q i = 45°. When the phase shift induced by the metasurface mimicked a diffraction grating ðØ m1 ¼ Àk o sin q i xÞ, the different spectral components were decomposed and transmitted into slightly different directions around the sample normal (supplementary text S3). The required focusing could be accomplished with a second metasurface acting as a cylindrical convex lens with a focal distance ( f c ) and a phase profile
Þ . However, one of the key benefits of using a phase-gradient metasurface is that these two optical functions can be combined in a single metasurface by engineering a phase profile (Ø m ¼ Ø m1 þ Ø m2 ). Accordingly, the entire beam-steering system is composed of only a frequency-comb source and a single metasurface.
The designed focal length is f c = 1 cm, resulting in a frequency gradient Decreasing and increasing the designed focal length would result in a larger and smaller, respectively, frequency gradient and beam steering rate. A silicon (Si) metasurface based on the geometric phase (28-30) is used to create the virtual frequency-gradient metasurface (Fig. 2,  B and C) . The Si nanoantennas in this device were fabricated on a sapphire substrate by means of electron-beam lithography and reactive-ion etching. They are 500 nm high, feature a rectangular cross section of 180 by 110 nm, and are spaced by 350 nm. The entire metasurface is large (measures 8 by 4 mm) in order to increase the numerical aperture (NA) required for strong focusing and a larger steering angle. More fabrication details on the design and fabrication can be found in the supplementary materials, materials and methods. The geometric phase was obtained by using an array of Si nanoantennas with space-variant orientations (Fig. 2 , B and C) (28) (29) (30) . The geometric phase emerging from a surface patterned with such antennas is given by Ø m ¼ 2syðx; yÞ, where y(x, y) is the inplane orientation of the nanoantennas and s quantifies the spin angular momentum for the incident light-right (s = 1) or left (s = -1) circular polarization. This phase can be designed to span the full 2p range while maintaining a uniform transmission amplitude across the metasurface. These aspects of geometric phase elements can be used to achieve high diffraction efficiency optical elements for incident beams with circularly polarized light (supplementary text S3).
The spatiotemporal interference from the array of virtual sources creates a small-diameter steering beam. We then used a microscope objective to map the time-varying steering angle q to an axial dimension y 1 at the back focal plane ( f M.O. ) of the microscope objective. Last, we used a 4f imaging system to scale down the spatial extent of the beam y 2 ¼ À period of~8 ps (Fig. 3) . The temporal pulse width is~2 to 3 ps (similar to that of input pulse), and the angular pulse width is~5°to 6°, which corresponds to a temporal pulse width multiplied by the angular scan speed, as discussed earlier. Because of the temporal resolution of the streak camera being~2 ps, we used an interpolation algorithm to determine the temporal location of the pulse peak for each steering angle (Fig. 3, white dots) . The white dashed line in Fig. 3 represents a linear fit to this data, which we used to calculate the angular scan speed to be 3.45°/ps. The yellow dashed line in Fig. 3 represents the time versus angle dependence according to Eq. 3 that shows an approximately linear curve for the time versus angle relation and demonstrates the angular speed~2.4°/ps. We attribute the small difference of the experimental slope and the theoretical prediction to the variations in the time delays acquired by the pulses passing through different vertical locations y 1 or y 2 in Fig. 2A . This can be induced by different factors, including slight variations in optical path lengths, deviations in dimensions of Si antennas across the metasurface, as well as the dispersive properties of the objective lens and other lenses of our 4f imaging system that can cause different group delays across the lens surface (31) . These delays can be on the order of picoseconds but do not affect the observed results in a fundamental way. The properties of the steered beam are controlled by both the metasurface and the frequency-comb source. Although the angular resolution is determined by the bandwidth of the frequency-comb source, the beam steering angle of view (AOV) is controlled by the dielectric metasurface. Large AOV requires high numeric aperture of the cylindrical lensing action in order to provide narrow focal lines at the virtual frequency-gradient source. This is controlled by the footprint size and quality of the nanostructured metasurface. The dielectric metasurface is also responsible for the power efficiency and steering speed (supplementary text S3).
This work illustrates how a spatiotemporally varying metasurface can be created by combining a frequency comb source with a passive metasurface. A special case of such a surface, a virtual frequency gradient metasurface, is implemented and demonstrated experimentally. It demonstrates a conceptually new pathway for nonmechanical, ultrafast dynamic beam steering.
Given the notable advances in on-chip frequencycomb sources, it is within reach to integrate the entire system on a single chip (32, 33) . The proposed technology can also be expanded to realize other spatiotemporal patterns that, for example, allow for 2D raster scanning and axial scanning of focusing lenses. The beam-steering device consists of a pulsed laser source and a passive, phase-gradient Si metasurface that focuses different spectral components to produce an array of focal lines that makes up a virtual frequency-gradient metasurface. Measurements of steering angle q versus time is obtained with a streak camera. Mapping of the angle q to the streak camera is done by using a microscope objective that maps to axial dimension y 1 on the back focal plane and a 4f imaging system to scale down the spatial extend y 2 ¼ À 
